UNIVALENCE OF THE AVERAGE OF TWO ANALYTIC 

FUNCTIONS 

Q ■ M. OBRADOVIC AND S. PONNUSAMY t 
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H ' Abstract. Let A denote the set of all analytic functions / in the unit disk 

•^ ■ 1^ - {z : |z| < 1} of the form f{z) = z + J2n=2 o-m". Let U denote the set of ah 
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f (z A, f{z)/z 7^ and satisfying the condition 

2 



^'wl/wl -' 



< 1 for 2 e 



Af{a) = {fa-- faiz) = il-a)f{z) + a I ^--^dt, / e yl with |a„| < n for n > 2 



Functions in lA are known to be univalent in B. For a G [0, 1], let 

U: J\fia\ = {f^:fJz\ = il-a]flz\ + a[^ 

In this paper, we first show that the condition X]^2 '^knl < 1 is sufficient for / to 
be in lA and the same condition is necessary for f gU in case all a„'s are negative. 
Next, we obtain the radius of univalence of functions in the class Af(a). Also, for 
f,g eU with Ii£l±9M ^ in B, F{z) = {f{z)+g{z))/2, and G{z) = r~^F{rz), 
we determine a range of r such that G E U. As a consequence of these results, 
several special cases are presented. 



(N 

^ ■ 1. Introduction 

O ■ 

^ ! Let A denote the set of all normalized analytic functions / in the unit disk © = 

{z E C : \z\ < 1} of the form f{z) = z + J2'^=2^nZ"'. For f E A and n E N, we 
write Sn{f){z) = z + Ylt=2'^kZ^, for the n-th partial sums or sections of /. Also, 

rS ■ we denote by S the class of all univalent functions in A. It is well-known that if 

c^ i f E S then |a„| < n for n > 2. The class of convex and starlike functions are two 

important geometric subclasses of S, denoted by C and S* , respectively (see [3, 6]). 

For f E C, one has |a„| < 1 for all n > 2. Two other subclasses of 5 that are studied 

extensively are 

TZi = {f eA: \f'{z)-l\<l ioT zeB} 

SI = {fES:\{zf'{z)/f{z))-l\<lioizEB}. 

Finally, we define ([1, 8, 10]) 

U = {f eA: f{z)/z ^ and \Uf{z) - 1| < 1 for z G ©} , 
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where 

In the recent years, the class U and its association with a number of subclasses of 
S together with certain integral transformations have been studied in details (see 
[4, 8, 10, 11]). It is well-known that U C. S (see [1, 12]). It is interesting to observe 
that the Koebe function k{z) = z/{l — z^ belongs to U. The following result is 
well-known. 

Theorem A. [2, Theorem 3] //X]^2^l'^«l — -'-' ^^^'^ f(^) ~ -^ + X]^2 '^«'^" belongs 

to SI mil. 

Let J-" and Q be two subclasses of A. If for every f ^ J-', Gr{z) = r^^f{rz) G Q 
for r < To, and tq is the maximum value for which this holds, then we say that tq is 
the ^-radius in J-'. That is, 

Vq = rg{J^) := sup {r > : Gr ^ Q} for every f E J-'. 

There are many results of this type in the theory of univalent functions, see [6, 
Chapter 13, Vol. 2]. For instance, the C-radius in 5 is 2 — y^ which is referred to 
as the radius of convexity of S. Similarly, the radius of starlikeness for the class S 
is tanh(7r/4) ^ 0.65579 (see [3, p. 44] and [6, Chapter 8, Vol. 1]). We now recall the 
following result due to Gavrilov [5, Theorem 1] which does not seem to be known 
for many readers. 

Theorem B. Let J-' = {f E A : |a„| < n for n > 2}. Then f and each of its n-th 
partial sum Sn{f) is univalent for \z\ < rg, where rg ^ 0.164878 is the root of the 
equation 2(1 — r)^ — r — 1 = m (0, 1). Here rg is the radius of univalence of 



g{z) = 2z- —, zen. 

Equivalently, rg is the S-radius in T . 



zV- 



In the forgoing discussion, we say that / belongs to U in the disk |z| < r if the 
inequality in the above definition of W holds for |z| < r instead of the whole unit disk 
D. In other words, this is equivalent to saying that G defined by G{z) = r^^f{rz) 
belongs to U, when / belongs to U in the disk \z\ < r. 

In order to indicate another example of the type as in Theorem B, we may recall 
the following result which is indeed a corollary to a general result (see [9]). 

Theorem C. ruiS) = 1/^/2. 

The paper is organized as follows. The main results are stated in Section 2 and 
their proofs and some of their consequences are presented in Section 3. First we 
present a sufficient coefficient condition for a function / to be in U. The condition is 
also shown to be necessary if the coefficients of / G .4. are negative. Next, we present 
several simple observations concerning the radius of univalence (and of starlikeness) 
of certain class of analytic functions in the unit disk. Finally, we obtain a radius of 
univalence of average of two functions from U. 
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2. Main Results 
We now state our first result. 

Theorem 1. If'Yl^=2'^\^n\ < 1? then f{z) = z + Yl^=2^riZ^'' belongs to lA. The 
result is sharp. 

At this place, it is worth recalling that the class U is neither included in S* nor 
includes the class S* . Also, the class U is neither contained in TZi nor contains the 
class IZi (see for example [10]). For instance, the function / defined by 

^^'^ = TTFTp 

is in U\S* (see also [4]). Indeed for this function 

zf'{z) 1 - z^ 



-I 



f{z) 1 + 1^+1^3 

we have at zq = (—1 + i)/ \/2, 

zpfizp) ^ 2-2v/2 1-2^2 , 
/(^o) 3 3 

which gives that Ke {zq/' {zq) / f (zq)} < showing that / is not starlike in D. More- 
over, although the Koebe function k{z) belongs toU nS* , it is known that S (tU. 
In view of these observations. Theorem 1 refines Theorem A and hence. Theorem 
1 will be useful to generate nice class of examples of functions in U that are also 
starlike in D. 

For functions with negative coefficients, the converse of Theorem 1 is also true. 

Theorem 2. A function f{z) = z — X]^2 Wnl^"" is in the class U if and only if 

From the result of Silverman [15] , we may now formulate the above discussion as 

Corollary 1. Suppose that f{z) = z — Yl'^=2 knk" belongs to A. Then we have the 
following equivalent statements: 

oo 

feU^^feSl^^felZi^^ J]n|a„| < l. 

n=2 

In connection with a problem due to [7], Ruscheweyh and Wirths [14] discussed 
the univalency of functions in the set of convex linear combinations of the form 

fif{z) + {l-i2)g{z), fie [0,1], 

when /, g belonging to suitable subsets of S. We shall consider a similar problem 
which is indeed a generalization of Theorem B. For a G [0, 1], let 

^f{a) = Ifa- fa{z) = (1 - a)f{z) +a ^ dt, f eA with |a„| < n forn > 2 I 

and for convenience, we set rs{a) := rs{Af{a)). 
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a 


r5(a) 





0.164878 


1/5 


0.178866 


1/4 


0.182817 


1/3 


0.189894 


1/2 


0.206299 


3/4 


0.23931 


4/5 


0.247756 


1 


0.292893 



Table 1. The radius rs[oL) of univalence for /^ G A/'( 



q; 



Theorem 3. The number rsip) is the root in (0, 1) of the equation 
(1) 2(l-r)^ + (2a-l)r-l = 0. 

The extremal function is 



g{z) = 2z- 



az 
1-z 



[l — a)z 
(1 - zV 



, 2 GD. 



For a ready reference, the values of rs{Q.) for certain values of a G [0, 1] are listed 
in Table 1. 

Remark 1. If / G S, then the Biernacki integral {Bf){z) = L {f{t)/t)dt is not 
necessarily univalent in D. 

The case a = leads to Theorem B. Set A/" = A/'(l) so that 

^f={feA■. |a„| < 1 forn> 2} 
and therefore, the case a = 1 of Theorem 3 may be reformulated as 

Corollary 2. Then f E M and each of its n-th partial sum s„(/) is univalent for 
\z\ < r, where r ^ 1 — ^ ^ 0.292893 is the root of the equation 2(1 — r)^ + r — 1 = 
in (0,1). The extremal function is 

g(z) = 2z —, 2 G©. 

^ ^ 1-z 

We remark that 

AfDifeA: Re{f{z)/z)>l/2, ^ G D} D {/ : / G C}. 
In the case of « = 1/2, we see that if 

Ar(l/2) = |/i/2(^) = i (fiz) + j^ l^dtY. feA and |a„| < n forn > 2! , 

then functions /1/2 in A/'(l/2) are univalent in |2;| < 1 — 2^^/'^ ^ 0.206299, but not 
necessarily in any larger disk as the function 

z z 



9[z) 



2z- 



2(1 -z) 2(1 -z) 



:, zeB, 
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shows. 

In order to motivate our next theorem, let us consider the sum of two univalent 
functions f,g E S. Then the average function F defined by 

belongs to the class ^f{0), and hence, by Theorem B, we conclude that the radius 
of univalence of the function F is not smaller than that of the number given in 
Theorem B. 

Similarly, ii f,g E C then the necessary coefficient estimates on the Taylor coeffi- 
cients of /, g show that the average function F defined by 

belongs to the class JV defined in Corollary 2. Again, the radius of univalence of the 
function F is not smaller than that given in Corollary 2. Thus, any result which 
gives radius bigger than that given in these two corollaries will provide us results 
with an improved bound for the radius. Our next result fills this idea if we consider 
the subclass lA oi S for our investigation. 

In the following theorem, we use certain well-known basic facts. Each f ElA with 
02 = /"(0)/2 can be written in the form 

2 



(2) /'W^^j ._.^_J+_.l + „(.)..,«. 

where w : D — ?> D is analytic with w(0) = ^'(0) = 0. Consequently, the classical 
Schwarz lemma gives 

\Uf{z) -1| < \z\^ for z e© 
and, by (2), we easily have 

(3) --— = l-a2Z- / --^ dt, zeB 

J[Z) Jo t 



so that 

z 



(4) 



a2Z 



< kl^ z e 



Theorem 4. Let f,gEU with ^^' ^^' ^ in the unit disk D, and F be defined by 

(5) Fiz) = M±M^ , e D. 

Then F eU for \z\ < Tq, where Tq ~ 0.262453 is the root of the equation 

(6) r^ + {l + r^)- ^ ' rT = l- 

-2r 



90 vT^ 

Using Theorem C and Theorem 4, one can quickly deduce the following result. 
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Theorem 5. Let f,g E S with ^^' ^^' ^ in the unit disk D. Then the function 
F define by (5) belongs to U for \z\ < -j^tq, where tq ^ 0.262453 is the root of the 
equation (6). 

At this place it worth recaUing that S C A/'(0). 

3. A Lemma and an Example 

For the proof of Theorem 4 and the discussion in Example 1 below, we need the 
following lemma. 

Lemma 1. Let (t){z) = 1 + X^^i &n-2" be a non-vanishing analytic function on D 
and let f be of the form 

Then, we have the following: 

(a) IfEZ2in-l)\bn\<l, then feu. 

(b) //Er=2(^ - l)l^n| < 1 - \bi\, then f G S* . 

(c) Iff eU, then j:Z2in-inbn\^<l. 

The conclusion (a) in Lemma 1 is from [8, 11] whereas the (b) is due to Reade 
et. el. [13, Theorem 1]. Finally, as / G W, we have 



r(^) 



/w 



- 1 



/w; m 



^(n - l)bnZ" 



n=2 



< 1 



and so (c) is an immediate consequence of Gronwall's area theorem, and can be 
obtained also from Parseval's relation. 



Example 1. Consider 



and g{z) 



{l-izf 

Then f,gES, and for a G [0, 1], we obtain 

{l~a)z az 
J»i^) = —^ + -. — ^'^d 9a{z) 



[l + tzY' 



z G©. 



'1 — a)z 



az 



{1 — iz)^ I — iz (1 + izy 1 + iz 

We observe that fa, da ^ A/'(a). Now, we introduce 

Faiz) = ^ifaiz) + gaiz)), zeB. 



z G 



Simple calculation shows that 



FJz) 



z[l- (1 -2a)z^ 



2^2 



and 



2\2 



FJz) 



[l + z , 
a-2a)z^ 



'l + z 



1 + (3 - 2a)z'^ + 



2^4 



4(1 -a)^^ 
1 - (1 - 2a)z^ 



z G 
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For < r < 1, define Ga by Ga,r{,z) = r^^Faij-z) so that 

oo 

where 



.2 
'2n\:i ) = S A (A ^A2/i o^An-2^2n 



„ , , , (3 - 2a)H if n = 1 



4(l-a)2(l -2a)"-V" if n > 2. 
By Lemmas 1(a) and (b), the function Ga^r (zlA r\S* if r satisfies the condiiton 

oo 

5(r) = 5^(2n-l)|52„(r)|<l. 

n=2 

A computation gives 

oo 

S{r) = (3-2a)r2 + 4(l-a)V^(2n-l)|l-2a|"-V("-2) 



n=2 

3- |l-2a|r2 



(3-2ay + 4(l-a)V , ,. m ^ , 2^2 

Thus, S{r) < 1 if and only if r satisfies the inequahty 

(3 - 2a)r\l - |1 - 2a\r^f + 4(1 - a)V(3 - |1 - 2a\r^) - (1 - |1 - 2a\rY < 0. 
If 1 — 2a > 0, then the last condition is equivalent to 

(1 + r^) ((1 - 2ay - 6(1 - a^ + l) > 
which is true if r^ < K^, where 



;3(l-a)-V9a2-16a + 8 . ^^ ^ ^ ,^ 

i^Q, = 1/ ^ for < a < 1/2. 

^' l-2a - ' 

Thus, for < a < 1/2, the inequality S{r) < 1 holds if r < K^- Moreover, for 
a = 1/2, we obtain that S{r) < 1 whenever 

r < lim Kn = —;=. 

"^(1/2)- ^/3 

Finally, if 1 — 2q; < then the inequality S{r) < 1 holds if and only if 
(3 - 2ay{l + (1 - 2a)r^)2 + 4(1 - a) V(3 + (1 - 2ay) - (1 + (1 - 2ayf < 0, 
or equivalently r < K'^, where K'^ for 1/2 < a < 1 is the root of the equation 
-1 + (1 + 2ay + (17 - 36a + I6a'^)r^ + (7 - 16a + 8a2)(l - 2a)r6 = 
in the unit interval (0, 1). Setting 

{K^ if < a < 1/2 
TS if« = l/2 
K'^ if 1/2 < a < 1, 
we see that the function Ga,r{z) is univalent in D if < r < r(a). Equivalently, 
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a 


r(a) 





0.414214 


1/5 


0.462667 


1/4 


0.477491 


1/3 


0.505408 


1/2 


0.57735 


3/4 


0.69398 


4/5 


0.727725 


1 


1 



Table 2. Radius of univalence and starlikeness of FAz) 



it means that the function Fq, is univalent in the disk \z\ < r{a) and the result is 
sharp. In Table 2, we list the values of r{a) for certain choices of a. 
The above discussion suggests the following 



Problem 1. Suppose that for a G [0, 1], 



S{a) = \Uz) = {l-a)f{z) + a 



and 



m 



dt: f eS}. 



J-(a) = <^ Fa{z) = -{fa{z) +9a{z)) : fa, 9a & S{a) } . 
Determine the radius of univalence of functions in Fa G J-'(a). 



4. Proofs and some of their consequences 

Proof of Theorem 1. Suppose that X]^2^l'^"l — -'- ^^^ f(^) = -^ + Yl'^=2 ^"■Z"' ■ 
In order to show that f gU, we need to show that \Uf{z) — 1\ < 1 for z G ©. As 



/(^) - 



/W 



n=2 



l + 5^na„z"-i- 1 + 5^ 

n=2 \ r, 

oo / oo 

5^(n-2)a„z"-i-K^ 

\n=2 

oo / OD 

5^(n-2)a„^"-3-K^ 



U"n.Z 



n~l 



U"ri,Z 



n— 1 



n=2 






n-2 



n=3 



vn=2 
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it follows that 



n^) 



fiz) 



< y^(^ - 2)|an| + y^ [flr 
n=2 \n=2 

oo / oo 

< 1 -2^|a„| + ^ |a„| 



n=2 

oo 



,n=2 



< 



1 - y^kni 



< 



n=2 



/W 



which implies that 



Uf{z)-1\ 



n^) 



/w 



1 



< 1, zGD. 



and hence, f EU. 

To see that the upper bound 1 in the coefficient condition cannot be replaced by 
1 + e, e > 0, we consider the function 

/r^) = ^ + i±£2" (n>2). 
n 

We obtain that f'^{z) = 1 + (1 + e)z^^^ has a zero in D as e > and hence, /e is not 
univalent in D. In particular, /^ ^ W. Thus, the result is sharp. D 

Remark 2. Theorem A in particular gives condition on the Taylor coefficients of 
/ so that / and its n-th partial sum s„(/) is not only univalent but is starlike in 
D. In view of this observation, from the proof of Theorem 3, it follows that the 
quantity rs{<y) in Theorem 3 is indeed the iS-radius in M{a) as well as the radius 
of starlikeness of functions in the class Af{a). These observations and the proof of 
Theorem 1 show that Theorem 1 may be stated in an improved form. 

Proof of Theorem 2. In view of Theorem 1, it suffices to show the only if part. 
Assume that |f/j-(2;) — 1| < 1 in D. That is. 



f'iz) 



/W 



1-E 



n\an\z 



n— 1 



n=2 



(IyiI Z 



n~\ 



n=2 

oo 



71 — 3 



n=3 



,n=2 



(l^i\ Z 



11-2 



l-E 



(Xn. Z 



ri— 1 



n=2 



< 1 
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for z G D. Choose values of z on the real axis so that Uf{z) — 1 is real. Upon clearing 
the denominator in the last expression and letting z — ?> 1^ through real values, we 
obtain 

oo \ / oo 



J2in-2)K\ + [J2K\] < 1-E 



\ar, 

n=3 \n=2 / \ n=2 

Thus, X]^2^l'^«l — -'-' ^^^ ^^^ proof is complete. D 

Proof of Theorem 3. Let /„ G Af{a) with f{z) = z + ^^=2 «n-2"- Then /; takes 
the form 



f',{z) = (1 - a)f{z) + a^^^ = 1 + V((l - a)n + a)a„z"-^ 

^ n=2 

As |a„| < n for n > 2, it follows that for \z\ = r 

oo 



|/:W-1| < Y.^{l-a)n + aW 



n=2 



so that |/^(z) — 1| < 1 whenever Ra{r) > 0, where 

Rair) = 2(1 - rf + (2a - l)r - 1. 

Consequently, by (1), Re f'^{z) > for \z\ < Tq where tq > rs{a). Next we show 
that To = rs{a). For this, we consider the function 



g{z) = z- ^((1 - a)n + a)z" G A/'(a). 



n=2 

It is a simple exercise to see that 

z{l — {4 — a)z + 2z'^) az (1 — q;)z 

^^^^ = (TT^p = ^^ - r^ - (1-^)2 

so that 

,. ^_ 2(1-^)3-1 + (2a- 1)^ 
^ ^^^ - (1 _ zf 

and therefore, we have that g'{rs{a)) = 0. This observation shows that g cannot be 
univalent in |2;| < r if r > rs{<y). Thus, tq = rs{a). D 

Proof of Theorem 4. Assume that f,gEU with i^^'^^^^' ^ in the unit disk D. 
Then 

\Uf{z) - 1| < \z\^ and \Ug{z) - 1| < \z\^ . 

Further, let 

^ .2 , 



1 + hiz + 62-2 + ■ ■ ■ and ——- = 1 + ciz + C2Z 



where hi = -/"(0)/2 and ci = -^"(0)/2 so that |6i| < 2 and |ci| < 2. 
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11 



Then, (3) gives that 



l + biz 



/W 



^ Wi(tz) z 

at and -^—r = 1 + ciz 



t' 



9{z) 







^7^ dt, z e 
t^ 



for some analytic functions w^: D — )■ D such that Wj{0) = w'(0) = for j = 1, 2. 
Thus, for \z\ = r, we have 



(7) 



^1 



1 



z z 



< -|6i — Ci\r + r^ < 2r + r^ 



since |6i ± ci| < |6i| + |ci| < 4. Also, for \z\ = r, we have that 
1 



So 



z z 



/W 9{^) 



\b-[ + Ci I 

>-1 -1- ' -L 
1 r 



l?i I _L I I 

9 ^ 



n=2 



By the Cauchy-Schwarz inequality and Lemma 1(c), it follows that 



1/2 



°^ ^2n 



1/2 



Ei'-rs E("-i)'wM Et^ srVAw 



n=2 



>n=2 



>n=2 



where 



n=l \ra=l / \n=l 



1/2 



An 



jj-2 ^2 



90 VT 



Therefore, we have 



X]|&n|r"<rv/IW< 



vrr 



n=2 



/gov^ 



and similarly. 



5^|c„|r"<rv/lM < 



nr 



n=2 * * 

Using these two inequalities, we deduce that 

,2 



& > 1 - 2r 



vrr 



Next we consider the function F defined by (5) so that 



Up(z) - 1 



Fiz) 



F'(z) - 1 



2z y f{z)+g'{z) ^ 
f{z)+g{z)) 2 
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We may now rewrite the right hand expression and obtain 
\Up(z)-l\ = 






< 



2\z\^{\f{z)\' + \9{z)\') + \f{z)-g{z)\^ 

\z\\\f{z) - g{z)\^ + \f{z) + g{z)\^) + \f{z) - g{z)\^ 



UP + (i + bP' 



\fiz)-g{z)\' 



N^+(i + kn|. 



Using the estimates for 5*1 and 5*2 from (7) and (8), we find that for \z\ = r, 

\Upiz) -l\<r' + il + r')- (^IjLI!!! _. 

1 - 2r - ^ 



Thus, \Uf{z) — 1| < 1 for 1 2; I = r < Tq (and hence, by the maximum modulus 
theorem, F G W for \z\ < Tq) if < r < tq, where Tq ~ 0.262453 is the root of the 
equation (6). D 

Corollary 3. Let f,g eU with M±sMl ^ m the unit disk ©, /"(O) + ^"(0) = 0, 
and F he defined by (5). Then F ElA for \z\ < tq, where tq k. 0.3512 is the root of 
the equation 

2 / 2x (2r + r2)2 



90 vT^ 



Proof. The hypothesis that /"(O) + 5'"(0) = gives that 61 + ci = and therefore, 
it suffices to observe that the estimate for S2 in the proof of Theorem 4 takes the 
form 



52>1 



Trr^ 



and the rest of the proof is similar. D 

Similarly, by the obvious observation in the proof of Theorem 4, we easily have 
the following. 

Corollary 4. Let f,g eU with f^'^^+s'-^^ ^ m the unit disk D, either f"{0) = or 
g"{0) = 0, and F be defined by (5). Then F eU for \z\ < tq, where tq ~ 0.400502 
is the root of the equation 



r^ + (1 +r^l 



(r + r^)^ 



.2 ^2 
1 — r 



^^^=P 
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Corollary 5. Let f,g eU with M±£(£) ^ o ^n the unit disk D, /"(O) = g"{Q) = 0, 
and F be defined by (5). Then F eU for \z\ < vq, where r^ ^ 0.667827 is the root 
of the equation 

4 

r^ + (1 + r^)- -^ = 1. 



1-^ 






90 TT^ 



As in Corollaries 3-5, Theorem 5 may be stated with an improved form in the 
cases where either /"(0)+^"(0) = 0, or /"(O) = or ^"(0) = 0, or /"(O) = ^"(0) = 0, 
respectively. The sharpness of radii tq in Theorem 4 and related corollaries are open. 
Moreover, if 

W2 := {/ e W : r(0) = 0}, 

then the inequality (4) shows that each f EU2 satisfies the condition Re {f{z)/z) > 
1/2 in D and hence, W2 C A/". Therefore, it is natural to ask the analog of Corollary 
5 when f,gE M. 
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